Abstract. Every separable coordinate system for the Hamilton-Jacobi equation on a Riemannian manifold V, corresponds to a family of n-Killing tensors in involution, but the converse is false. For general n we find a practical characterization of those involutive families of Killing tensors that correspond to variable separation, orthogonal or not.
1. Introduction. We study the separation of variables problem for the HamiltonJacobi equation (1.1) gijOx, WOxJ W E, gij gi,
(n _--> 2) and the relation between variable separation and second order Killing tensors on the (local) manifold Vn with metric tensor {gi} in the local coordinates {xi}. ( We allow all coordinates and tensors to be complex and adopt the tensor notation in Eisenhart's book 1 ].)
In this paper we treat the general separation problem for (1.1), with emphasis on nonorthogonal separable coordinates. An analogous study for the more restricted orthogonal separation problem was presented in [2] , and we assume familiarity with the basic definitions and results of that paper. Since every (multiplicative) separable system for the Helmholtz equation is an (additively) separable system for (1.1), our treatment has direct applicability to the Helmholtz equation and the important families of special functions that arise as the separable solutions of this equation. (See [2] for a discussion of the relationship between these two equations together with additional references. The passage from (1.1) to (1.2) is closely analogous to the passage from classical mechanics to quantum mechanics.)
It is easily verified that to every separable coordinate system for (1.1), orthogonal or not, there corresponds a family of n-1 Killing tensors in involution. ( The precise correspondence can be found in 2.) However, not every such involutive family is associated with variable separation. In this paper we provide a solution to one of the fundamental problems in the theory of variable separation. We develop a decision procedure to determine precisely which families of Killing tensors are associated with separation, and for Killing tensors so associated we show how to construct the separable coordinates. Our procedure involves the determination of the eigenvaiues and eigenforms of the Killing tensors, and is easy to implement for n 3, though less so for n > 4.
It is important for many reasons to be able to compute separable coordinates directly from Killing tensors. Indeed, for flat spaces and spaces of constant curvature all second order Killing tensors can be expressed as second order polynomials in the Killing vectors, so for such spaces the possible involutive families of Killing tensors can be constructed explicitly through the use of Lie algebra techniques and then tested for E.G. KALNINS AND WILLARD MILLER, JR. variable separation. Furthermore, in the Lie theory treatment of special functions which arise through separation of variables in the Helmholtz equation [3] (For n -< 4 these relations were already noted in [5] and [6] . We will give an explicit proof for general n in 3.) Thus, the A, for m => 2 are second order Killing tensors and the L are Killing vectors (first order Killing tensors) for the manifold V,.
Moreover, the family of n- The case (i, j, k) (a, a, a) leads to (3.11) Orp (Pr--p)Or In H2 2.
The cases (i, j, k)= (a, a, fl), (a, fl, y) are satisfied as a consequence of condition (4) , and all remaining cases are satisfied identically.
Multiplying both sides of (3.10) by gRgS, (n + 1 R, S n + hE), and summing on a and fl we find (3.12) 8OSPR + 8ORPS (PS --Pr)gROSg + (PR --Pr)gs, ORgr. Setting R =r, S s in (3.12), solving for OsPR, substituting this result in (3.10) (2) , (3) and (5) 4. The main result. We come now to the fundamental question' given an involutive family of n 1 Killing tensors, how do we determine if this family corresponds to a separable coordinate system for the Hamilton-Jacobi equation?
Let {xj} be a local coordinate system on the Riemannian manifold Vn and let 0(. hi(j)dx i, 1 < ] <= n, be a local basis of one-forms on V. The dual basis of vector fields is X Ai(h)Ox , , 1 < h < n, where Ai(h)Ai(i) 8 (h) . We say that the forms {0} are normalizable if there exist local analytic functions gCj, y such that 0j gCj dy j, (no sum). (Equivalently, X h g-(Or.) It is classical that the forms are normalizable if and only if the coefficient of X I is zero in the expansion of [Xh, Xk] in terms of the {X basis whenever h, k # l; see [1, 35] . (aiJ
The root p has multiplicity 2 but corresponds to only one eigenform. Then there exist local coordinates {y} for V, such that 00 f(i(y) dy for suitably chosen functions f(i), and the Hamilton-Jacobi equation is separable in these coordinates. Conversely, to every separable coordinate system {yJ} for the Hamilton-Jacobi equation there corresponds a family of second order Killing tensors on V, with properties (1)- (7).
Proof. It is enough to show that conditions (1)- (7) imply that the one-forms 0(i are normalizable; the remainder of the proof follows immediately from Theorems 2 and 3.
From conditions (4) and (5) (2) and (7) Ou(Ai(a)a 'Ai(13)) A(z)A(Z)p(z)ov(Ai(a)gi"Ai(13)). 
